The dynamical structure factor of the Babujan-Takhtajan antiferromagnetic spin-1 chain is computed numerically at zero temperature and zero magnetic field, using the higher-spin generalization of an Algebraic Bethe Ansatz-based method previously used for spin-1/2 integrable chains. This method, which consists in the explicit construction of eigenstates and the summation of the Lehmann representation of the correlator, is here particularly challenging to implement in view of the presence of strongly deviated string solutions to the Bethe equations. We show that a careful treatment of these deviations makes it possible to obtain perfect saturation of sum rules for small system sizes, and extremely good saturation for large system sizes where the dynamical structure factor is computed by including all two-spinon and four-spinon contributions. The real-space spin-spin correlation, obtained by Fourier transforming our results, displays asymptotics fitting predictions from conformal field theory.
Introduction
Quantum spin chains in one dimension are of interest both from theoretical and experimental perspectives. The prototypical spin-1 2 Heisenberg model is integrable and its eigenstates can be obtained exactly using Bethe Ansatz [1] . Moreover, the development of the Algebraic Bethe Ansatz (see [2] ) gave access to the computation of experimentally relevant quantities such as dynamical spin-spin correlation functions. In particular, the existence of a determinant representation of the scalar product between Bethe states [3, 4] and of matrix elements of local operators [5] opens the way towards an explicit summation of spectral representations for such correlators. Recent inelastic neutron scattering experiments for the antiferromagnetic spin- 1 2 Heisenberg chain [6, 7] have displayed very good comparison with theoretical predictions following from Algebraic Bethe Ansatz on both the spinon structure of the low-lying excitations and dynamical correlations.
The unifying view of integrable models afforded by the Algebraic Bethe Ansatz means that such methods can be extended to other models. In the context of spin chains, a generalisation of the Heisenberg model to integrable chains of higher spin is possible through the fusion of R-matrices [8] . The aim of this paper is to extend the computation of dynamical correlation functions for the Heisenberg model to the integrable spin-1 case, namely to the BabujanTakhtajan [9] [10] [11] bilinear-biquadratic model (see equation (1.2) below).
where each set of roots λ j ∈ {λ 1 , ..., λ M } specifies an eigenstate of the model. The length of the spin chain is denoted by N , while M denotes the number of downturned spins as compared to the fully polarised reference state |0 = N j | ↑ j . Moreover, the energy of a Bethe state is given by
(1.4)
The Hamiltonians corresponding to the Bethe equations for a spin-s chain are polynomials of degree 2s in the nearest neighbour interaction between spins [11] . The Babujan-Takhtajan model (1.2) is thus the first step above the Heisenberg model in this hierarchy.
While the eigenstates of the model are in principle obtained by means of the Bethe Ansatz, solving for the roots of the Bethe equations for each state is still a highly non-trivial task. Expressions for correlation functions of integrable higher spin chains for the isotropic as well as the anisotropic chain at both zero and finite temperature have been obtained by means of the Algebraic Bethe Ansatz, fusion and/or multiple integral representations [24] [25] [26] , avoiding the necessity of having to deal with the roots of the Bethe equations explicitly. However, these approaches cannot be applied to the derivation of dynamical correlation functions, which are of great importance from a physical point of view and which we will concentrate on here.
Some properties of the solutions of the Bethe equations might be considered in advance. If the set of Bethe roots {λ} solves the Bethe equations, then it is straightforward to see that the set {λ} * must also be a valid solution by considering the complex conjugated version of the Bethe equations. Moreover, it is possible to prove a stronger statement [27] that the set of roots solving the Bethe equations have the feature of being self conjugate, {λ} = {λ} * . This important property boils down to the fact that the Bethe roots organise themselves symmetrically around the real axis of the complex rapidity plane. In general for the thermodynamic limit, the solutions are furthermore conjectured to group themselves in structures called strings, sharing a common real part, but separated in the imaginary direction by i. String solutions of length larger then one are then to be interpreted as bound states of local spin lowering operators acting on the reference state of the spin chain. For finite size, the string hypothesis technically fails and one encounters deviations from the assumed perfect string patterns. The only constraint on the solutions is its self conjugacy, yielding a picture of deformed strings as a result of the finite size. The deviations of the string solutions regularise the divergent prefactors and determinants arising in the matrix element expressions.
For the spin-1 2 Heisenberg model, the antiferromagnetic ground state consists of real rapidities only, while the low-lying excitations may contain a small number of strings. Moreover, deviations of single two-strings are in general (at least at finite field) exponentially suppressed in system size, which allows for not taking deviations into account in the numerical solution procedure of the Bethe equations and computation of matrix elements. The expressions for the matrix elements can be rewritten for string solutions by rearranging the determinants and cancelling the divergent terms among each other. For the majority of purposes and in most cases it is therefore sufficient for high precision computations to neglect string deviations in the spin- 1 2 model.
In contrast to the spin-1 2 antiferromagnetic ground state containing only real rapidities, the ground state of the spin-1 Babujan-Takhtajan chain is conjectured to consist solely out of twostrings [9, 11] . The bilinear term of the Hamiltonian favours antiparallel ordering of neighbouring spins, while the biquadratic term lowers the energy when neighbouring spins are ordered either parallel or antiparallel. Altogether this will result in antiparallel ordering in the ground state, which can be approximated by acting twice with a spin lowering operator on every other site. This locally bound state of two down spins gives a good intuition as to why the ground state Bethe Ansatz solution is a sea of two-strings. The low-lying excited states can subsequently be realised by breaking up one or more two-strings into real rapidties or higher strings.
Most importantly, a thermodynamic number of two-strings is present in the spin-1 ground state, and the corresponding string deviations are not exponentially vanishing with respect to system size [28, 29] . A proper description of the string structure in the Bethe states as well as the behaviour of string deviations are an essential part of our computation, due to the presence of strings in both the ground state and the low-lying excited states.
The main goal of this paper is to present a computation of the dynamical structure factor of the Babujan-Takhtajan spin-1 chain, following the numerical strategy introduced for the spin- 1 2 Heisenberg model [30, 31] , while taking the more involved difficulties of handling string deviations for the spin-1 case into account. The dynamical structure factor is defined as the Fourier transform of the connected spin-spin correlation function From the first to the second line we switch to the Lehmann representation by making use of a resolution of the identity 1 = α |α α| to obtain a sum over intermediate states. For the zero temperature dynamical structure factor, the expectation value with respect to the ground state should be taken. Furthermore, as we take the connected correlator, the ground state is excluded from the sum over intermediate states.
One can distinguish between the dynamical structure factor in the transverse (a = ±) and longitudinal (a = z) direction of the spin chain, although this distinction is immaterial in the zero-field isotropic case we consider here. Besides a careful analysis and proper calculation of the deviated string solutions, the computation of the dynamical structure factor relies on determinant representations for matrix element expressions obtained for higher spin chains [32] . The paper is structured in the following way. The next section will provide an overview of the structure of the Bethe Ansatz solutions for the Babujan-Tahktajan spin-1 chain, while the third section will introduce the parametrisation and method to obtain the roots of the Bethe equations including string deviations. Section 4 will elaborate on the matrix element expressions for spin-1, while the results will be given in section 5.
Structure of solutions
In order to investigate the structure of the eigenstates of the higher spin chains, it is more convenient to introduce the logarithm of the Bethe equations. The logarithmic branches will provide for quantum numbers which specify the states. The logarithmic Bethe equations for the integrable spin-s chain are given by
where θ n (λ) = 2 arctan( 2λ n ) and the Bethe quantum numbers J j are integers for N + M odd and half-odd integers for N + M even. Due to the string structure of the solutions, it is a non-trivial task to determine the set of possible configurations of Bethe quantum numbers. For a pair of complex conjugate roots {λ, λ * } where λ is assumed to be located in the upper half part of the complex plane, we proceed to analyse the difference between the corresponding quantum numbers by subtracting the Bethe equations for both conjugate roots. Similar to the spin- 1 2 case [33] , the branch cuts of the inverse tangent of the conjugate root has to be taken into account properly, arctan λ * = (arctan λ) * ± π for λ ∈ [∓i, ∓i∞] and arctan λ * = (arctan λ) * elsewhere. Furthermore we restrict to Re λ = 0 and Re (λ − λ k ) = 0 ∀k, implying that the self scattering term between the conjugate roots yields the only non-zero branch cut of the difference between the corresponding Bethe equations, resulting in
More elaborate examples where strings are centered at the origin or additionally have coinciding string centers will be encountered within the low-lying excitation spectrum of the spin-1 chain. The behaviour of the quantum numbers in these cases will be treated in section 3. Equation (2.2) exhibits a situation where quantum numbers become equal, invalidating the naively-expected exclusion principle on the quantum numbers for the logarithmic Bethe equations. Usually the approximation of non-deviated strings for the Bethe equations is considered, where the Bethe equations are cast into a more convenient form in terms of the real string centers instead of complex rapidities. The resulting string quantum numbers I n j turn out to be strictly non-repeating, which will allow for a legitimate construction of all the possible combinations of string solutions. However, this approach fails to deal with the effect of string deviations. In order to treat deviations correctly it will be neccessary to reconstruct part of the Bethe quantum numbers J j from the string quantum numbers I j at a future stage.
The Bethe-Takahashi equations are an adaptation of the Bethe equations for non-deviated string solutions. The basic strategy for their derivation is to take the product over the corresponding Bethe equations for each rapidity inside a string, where the string rapidities in the approximation of non-deviated strings are parametrised as
where α n j ∈ R is the real part of the string and a specifies the rapidity inside a string of length n labeled by j. The product over the free part of the spin-1 Bethe equations (1.3) for rapidities within one n-string gives
Taking logarithms of this factor to the power N and using the relation between the inverse tangent and logarithm yields for n = 1
and for n ≥ 2
By rearranging the fractions for strings with n ≥ 2, a minus sign comes out twice. This implies that there is no N dependence in the parity 1 of the quantum numbers in the end. For one-strings, the minus sign cannot be canceled and is being absorbed into the quantum numbers. This yields a different behaviour of quantum numbers for one-strings compared to other strings of higher length. A difference with respect to the spin-1 2 case emerges, where the parity of all string quantum numbers are dependent on both N and M n , irrespective of the string length.
The scattering part of the Bethe equations is not dependent on spin, so this part of the derivation will have the same result as the original spin-1 2 Bethe-Takahashi equations [34] . The final result for the spin-1 Bethe-Takahashi equations is
where
and the quantum numbers for one strings I n=1 j are integers for N + M 1 odd and half-odd integers for N + M 1 even. For higher strings I n≥2 j are integers for M n odd and half-odd integers for M n even.
From the Bethe-Takahashi string quantum numbers the dimensionality of the solutions of a specific configuration of strings can be determined, as the I n j are non-repeating. The maximum allowed value of I n j is to be determined by placing one of the n-strings at infinity. The corresponding quantum number is I n,∞ and is calculated from taking the limit of the BetheTakahashi equations for the concerning configuration of strings. The highest possible quantum number for which the corresponding string consists of finite rapidities follows from I n,∞ . For the quantum numbers of larger strings, it is necessary to subtract I n,∞ by the length of the string, as each rapidity at infinity that has to be placed back into a string with finite rapidities lowers the maximum allowed quantum number by one. This comment about the limiting string quantum numbers for two or higher string solutions has been made in [35] . The maximum allowed Bethe-Takahashi quantum number is given by I n,max = I n,∞ − n. The number of allowed quantum numbers ranging from −I n,max until I n,max is given by 2I n,max + 1. For a state containing M n n-strings, the number of possible distributions of BetheTakahashi quantum numbers over M n available n-strings is
For the ground state in zero field (M = N ) consisting of two-strings only, it is straightforward to show that the total number of allowable quantum numbers is N 2 . Distributing N 2 two-strings over this available set of quantum numbers yields only one possible configuration. For the remaining excited states, we must seek a different configuration of string solutions.
Two possible excitations for the spin-1 chain were already discussed in [9] , where the ground state sea of two-strings is perturbed with strings of length respectively one and three. We will extend this reasoning towards higher excitations which yield significant contributions to the dynamical structure factor.
In zero field, we can distinguish between two types of important low lying excitations with different total spin. In the first case, we consider excitations with the same number of rapidities as compared to the ground state, these being in the subsector where S = 0. Secondly, excitations with important contribution to the dynamical structure factor will have one rapidity removed, thus being the highest weight states in the S = 1 subsector. For the contributions to the transverse dynamical structure factor S −+ (q, ω) we only need to consider the highest weight states of the S = 1 sector. The longitudinal structure factor will not directly be interesting in zero field, as S zz (q, ω) is equal to S −+ (q, ω) up to a factor of two due to the global SU(2) symmetry in this particular case. However, the structure of the important string solutions, including limiting quantum numbers and dimensionality can be investigated for both kinds of excitations and are given in tables 1 and 2. 2p 1 one-string For excitations with S = 1 containing M = N − 1 rapidities, we can build up the states by breaking up one or more two-strings from the original ground state configuration. One of the rapidities of the destroyed two-string is removed, while the remaining rapidity can only become a real rapidity due to the self conjugacy of the Bethe solutions. The limiting Bethe-Takahashi quantum numbers are computed easily by the aforementioned procedure, leaving space for two holes in the sea of quantum numbers, making this the most elementary two-spinon excitation of the model. The dimensionality of this sector of excitations corresponds to that of two-spinon states in the spin-1 2 case. By means of the Thermodynamic Bethe Ansatz, one can retrieve the two-spinon dispersion law of Des Cloizeaux-Pearson type (q) = π 2 | sin(q)| [9] . The results from section 5 will demonstrate that the matrix elements of the two-spinon excitations will provide for the dominant contribution to the dynamical structure factor.
Higher excitations can be constructed by breaking up an additional two-string. With two removed two-strings and one rapidity placed at infinity, the remaining three rapidities can either be real, or can be used to construct a three-string. For the former, an analysis of the limiting string quantum numbers shows that there are no quantum numbers available, indicating there exist no solutions for three real rapiditites completed with two-strings. For the latter, this string configuration containing a three-string will give rise to four holes in the two-string sea of available quantum numbers. Therefore the string configuration with the presence of a single three-string will be one of the available four-spinon excitations.
Continuing to the case with three removed two-strings from the original ground state sea, there are a number of string configurations possible with the five remaining rapidities. One of them, with a three-string and two real rapidities completed with a sea of two-strings, gives rise to four holes in the two-string quantum numbers as well, completing the available types of fourspinon configurations. These two variations of four-spinon configurations of strings will lead to the subleading part of the intensity of the transverse dynamical structure factor. Tables 1 and 2 might straightforwardly be extended by repeating the line of reasoning of breaking up multiple two-strings from the ground state and placing the rapidities back in various different string configurations. The limiting string quantum numbers provide for the admissibility of the constructed state. The described configurations of strings giving rise to the spinon states in the Babujan-Takhtajan spin-1 chain are consistent with the spinon statistics in spin-s chains introduced in [36] and furthermore form a quasiparticle basis in the thermodynamic limit.
Parametrisation for deviated strings
This section aims to cast the Bethe equations into a numerically solvable set of real equations describing deviated string solutions. The strategy introduced in [33] for deviated strings in the spin-1 2 Heisenberg model will be applied to the spin-1 Bethe equations. In this strategy, the Bethe equations are manipulated and rearranged in such a way that they allow for a convergent iterative numerical solving procedure in order to obtain all string centers and deviations. Our results stated below will be modifications concerning the spin-1 chain with respect to the equations obtained in [33] .
The most important contributions to the dynamical structure factor will include all twospinon and four-spinon matrix elements with respect to the ground state. Therefore, the real parametrisation of string deviations shall be derived up to solutions containing a single threestring and an arbitrary number of real rapidities and two-strings.
The two conjugate rapidities building up a deviated two-string can be parametrised as
where λ
j ∈ R are respectively the root center and deviation in the imaginary direction from the non-deviated string solution. Furthermore deviated three-string solutions can be parametrised as
Here, a deformation (3) j of the real part of the outermost rapidities with respect to the string center λ (3) j must be considered as well, as rapidities are only constrained to be complex conjugate pairs.
Various expressions for the parameters for deformed string solutions can be extracted by adding and subtracting logarithmic Bethe equations of two conjugate roots. A careful treatment of the branch cuts of the addition of two inverse tangents with complex conjugate arguments is essential,
where a, b ∈ R and ξ( , δ) is defined as
The conventions of values of the step functions evaluated at zero are sign(0) = 0 and Θ(0) = 1 2 , where Θ(δ) denotes the Heaviside step function. Another important limit is given by lim δ→0 ξ( , δ) = π 2 sign( ).
The final parametrised expression for the Bethe equations of one-string rapidities λ
(1) j is obtained by applying equation (3.4) to the scattering terms of a one-string with two conjugate roots inside a higher string, arctan λ
An important step is to link the set of string quantum numbers of the Bethe-Takahashi equations I
(n) j to the quantum numbers of the original Bethe equations J (n) j used in the parametrisation for deviated strings. This can in general be done by taking the limit of vanishing deviations δ, → 0 and inserting the Bethe-Takahashi equations subsequently. In this limit, equation (3.6) becomes
In order to obtain an equation for the two-string root center λ (2) j , the corresponding logarithmic Bethe equations for the two roots inside a two-string must be added properly according to equation (3.4) . This identity is to be applied to both the sum of the free parts of the two Bethe equations as well as all the sums over conjugate roots within the scattering parts. The result is ξ λ
The determination of Bethe quantum numbers from string quantum numbers is again to be derived from the limit with zero deviations and plugging in Bethe-Takahashi equations,
The equation for two-string deviation δ (2) j might be considered by taking the difference between the Bethe equations of conjugate roots. It is however both equivalent and more convenient to take the quotient of the original Bethe equations in product form,
The square on the left-hand side of equation (3.10) leaves the sign of the two-string deviation undetermined. However, from equation (2.2) where the two-string is not centered at zero,
Together with the link between the string quantum numbers and Bethe quantum numbers for deviated two-strings in equation (3.9) and the parity of the quantum numbers, the sign of δ (2) j can be fixed via the Heaviside function in equation (3.11) . The correct sequence of the two-strings with respect to the three-strings is however an unavoidable part of equation (3.9) by the presence of the step functions. This can be provided by iteratively solving the Bethe-Takahashi equations for the non-deviated string centers and using the results as initial values for the determination of the sign of the two-string deviations δ
j . For symmetric distributions of string quantum numbers and depending on the parity of these quantum numbers, multiple strings could be centered at the origin. Therefore we must extend the reasoning of the determination of the sign of deviations and Bethe quantum numbers described in the previous paragraph to these cases. For the situations we take under consideration, we might deal with strings centered at zero for the ground state or two-spinon states.
By the subtraction of Bethe equations of conjugate roots performed to obtain equation (2.2), we now consider the case where Re λ = 0, implying λ = −λ * . Still assuming non-coinciding root centers, the self-scattering term between the conjugate roots again yields a branch cut at Im λ = 1 2 , while the subtraction between the free terms yields a branch cut at Im λ = 1 for the spin-1 chain in particular. It might then be concluded that equation (3.11) safely holds for two-strings at zero, assuming that |δ
. Furthermore, symmetric two-spinon states have a two-string as well as a real-rapidity centered at zero. In this situation, only the difference between one-string scattering terms needs to be additionally taken into consideration. This case only yields extra step behaviour at Im λ = 1, which once more will not provide implications on the algorithm.
The sum of the Bethe equations for all roots within a three-string yields an expression for the root center of a three-string λ
Again taking the limit of vanishing deviations and substituting in the Bethe-Takahashi equations, we obtain a relation between the three-string quantum numbers,
The remaining three-string deviations δ can be found in the following way. We will consider the Bethe equations of the outermost complex conjugate roots of the three-string. The quotient of the corresponding Bethe equations results in the modulus squared of δ 14) while the sum of the logarithmic Bethe equations of λ
The values for the three-string deviations are instantly extracted from the modulus and argument
At this moment, the sum J
+ + J
− appearing in equation (3.15) remains undetermined. However, while the parity of the quantum numbers is already known, equation (2.2) yields J − , while the argument is defined modulo 2π. It is therefore sufficient to only determine whether the sum of the two quantum numbers is even or odd.
Special attention needs to be given to the behaviour of the deviations of three-strings for symmetric distributions of all string quantum numbers. We focus merely on the states containing one three-string at most as they are of interest for the four-spinon states. For a three-string centered at zero and a symmetric distribution of the remaining quantum numbers of other strings, the deviation along the real axis [33] that the matrix elements of singular states must vanish. Our spin-1 results will provide numerical evidence for this statement.
Away from the singular solution at zero root center, but still for small deviations, (r j ) 2 in equation (3.14) becomes exponentially small in system size. This scaling implies that for small root centers, three-string deviations are exponentially suppressed with system size. For root centers far away from zero, the three-string deviations remain large. The size of the deviations will yield numerical problems in the evaluation of the matrix elements exponentially close to the singularities. In general this difficulty is overcome in the spin-1 2 case by regularising the matrix element expressions. With large two-string deviations and either small or large three-string deviations within a Bethe state, the regularisation of the different behaviour for the strings in this case needs to be treated with special attention in section 4.
Another special class of solutions emerges among the two-spinon excitations in the S = 0 subsector. A symmetric distribution of quantum numbers in this case with a three-string and a single one-string located at zero, provides a problem for the singular three-string solution at zero. Coinciding rapitidies in general lead to vanishing Bethe vectors, but whenever different string quantum numbers coincide at zero, string deviations usually regularise these cases. However, in this case the three-string deviations vanish, and the one-string and real rapidity from the three-string coincide, forming an exceptional solution to the Bethe equations. It has been argued that this class of solutions, however, yields a non-zero Bethe vector [37] . We will again provide numerical evidence that the matrix elements of these exceptional singular states vanish.
At this stage, all required initial conditions for a convergent algorithm on the Bethe equations including string deviations are set. The Bethe equations are parametrised for string centers and deviations in such a way that they are amenable to an iterative algorithm. The numerical strategy might be summarised as follows. We start off with a state defined from the Bethe-Takahashi string quantum numbers, which form the starting position to solve the Bethe-Takahashi equations iteratively. These non-deviated string solutions set the initial conditions and the signs of the two-string deviations for the succeeding iterative procedure, where the full parametrisation of the Bethe equations in terms of string centers and deviations is to be solved.
The results of the iterative procedure might be compared to previous analytic predictions for the two-string deviations in the ground state. The first available analytical method is based on an adaptation of the Euler-Maclaurin formula applied to the Thermodynamic Bethe Ansatz for spin-1 [28] , while the second method is a result of nonlinear integral equations for the spin-1 ground state [29] . Both approaches give an identical prediction up to order 1/N for the two-string deviations of the ground state as a function of the string center λ,
where σ(λ) is the density of two-strings in the thermodynamic limit. Figure 1 (left) shows the results on deviations of the innermost and outermost two-string as a function of system size. For the innermost two-string, the data reflects the 1/N behaviour of the deviations. However, the outermost two-strings show persistingly constant deviations at δ = 0.0466 independent of system size. This constant deviation corresponds to the value found in [38] . Figure 1 (right) makes a relative comparison between the ground state deviations obtained by our numerical method and equation (3.18) as a function of the root center λ for fixed system size. Only the bulk of the two-strings shows a good equivalence to equation (3.18) , however there still remains a significant difference.
For short chains, rapidities of all states including string deviations are stated in appendix B as a result of the numerical method described in this section. For the energies of all the Bethe states, we find perfect agreement with exact diagonalisation of the Hamiltonian for small system sizes. For larger system sizes, the algorithm described throughout this section enables us to solve the Bethe equations for the complete spectrum of two-spinon and four-spinon states. These results will be used in the computation of the dynamical structure factor in section 5.
Matrix elements
Our method relies on the matrix element expressions for higher spin chains obtained in [32] , which is based on a combination of the fusion of R-matrices, the inverse scattering method and Slavnov's theorem [3, 4] . We will adapt the result for general spin-s chains to a formula applicable to our numerical procedure and set some conventions and notations along the way, to obtain an expression for the matrix elements |F a q | 2 = | GS|S a q |α | 2 in equation (1.6) for a = ±, z. From [32] we have for the transverse matrix elements
Furthermore, as the Bethe states are not normalised, we need to divide by the norms of |ψ({λ}) and |ψ({µ}) , which are given by the Gaudin determinant,
We will adopt conventions η = i, M = l + 1, ϕ j ({λ}) = e −iP λ j and define φ n (λ) = λ + 
14)
The result for longitudinal matrix elements for chains of spin-s is [32]
Taking the Fourier transform and dividing by the norms of the Bethe states, the expression for the matrix elements ready to be used in computations for the spin-1 case becomes
For the spin-1 chain as elaborated in section 3, we encounter Bethe states with exponentially small deviations for the three-string, while the remaining two-strings still have fairly large deviations. A straightforward generalisation of the reduced determinants for the spin-
is not sufficient, as the effect of the remaining important deviations would be neglected. We aim to remove singularities from the determinants and prefactors present in the matrix element expressions, while keeping track of the effect of the algebraically large deviations.
The singularities present in the norm of the Bethe states can be extracted from the Gaudin determinant as follows. The Gaudin matrix can be written as
The scattering terms of adjacent roots inside a string will cause the divergences
We will consider the general case, where we perform the reduction of a single n-string, while keeping the other string deviations finite. The first step is to add the first n − 1 rows to the n th row and then add the first n − 1 columns of the resulting matrix to the n th column. The internal scattering terms within the string will cancel by performing the additions and therefore the divergent o a,a+1 terms are not present in the n th row and column. The determinant will not change under this addition. The n th -row and column are now given by The first (n − 1) x (n − 1) block of the Gaudin matrix up to leading order only contains the divergent self-scattering terms
The reduced Gaudin determinant is given by the remaining entries after cutting off the first n − 1 rows and columns
Using the same logic as in the derivation of the Bethe-Takahashi equations in section 2,
where α n is the root center of the string and λ j are taken as the rapidities inside the n-string with zero deviations. This situation assumed the presence of only one reduced string with exponentially small deviations, but it can easily be extended to multiple reduced strings. The scattering terms between two reduced strings must then be replaced by their Bethe-Takahashi equivalents Θ nm (α n j − α m k ). The remaining rapidities outside the reduced n-string can still be entered in this expression including their string deviations. The divergences of the n-string with exponentially vanishing deviations are now extracted from the determinant using the explained reduction,
The divergent product will cancel against the divergences in the products present in the prefactors of the matrix elements. The H-determinant becomes indeterminate, as columns become equal to leading order as deviations get exponentially close to zero. A similar rearrangement must be applied to these determinants as well:
By substituting the Bethe equations in equation (4.30), the expression for H is now identical to that in the spin 1/2 case. The derivation of the reduced H-matrix goes along exactly the same lines [31] ,
. The other columns of the H-matrix remain unchanged for strings with finite deviations. The rapidities of the reduced strings are simply the rapidities of the non-deviated string. In the presence of a single reduced n-string: The reduction of single three-strings while keeping the remaining two-string deviations finite is to be applied to the cases where the deviations become close to the divergences in the scattering terms. In the corresponding matrix elements, the determinants should be replaced by their reduced versions, and the divergent prefactors arising from scattering terms between adjacent roots inside a reduced string should be left out.
Finally, for finite field it is important to consider the contribution of matrix elements of lowerweight states. Highest-weight states are the Bethe states with only finite rapidities, the total spin raising operator S 
The only nonvanishing matrix element for a state containing two infinite rapidities is F + , where the corresponding highest weight state is in the subsector of F − , such that M λ = M µ − 1.
The results imply that the S −+ structure factor only contains contributions from highestweight states, while the S zz structure factor contains contributions from highest-weight states and states containing one infinite rapidity, and the S +− structure factor contains contributions from highest-weight states, states containing one infinite rapidity and states containing two infinite rapidities.
Dynamical structure factor
The results of the main computation on the dynamical structure factor for the Babujan-Takhtajan spin-1 chain defined in equation (1.5) will be given in this section. We restrict to the case of zero temperature. The sum over the matrix elements runs only over a selected part of the Hilbert space, containing specifically all two-spinon and four-spinon contributions. The ground state is excluded from the sum as we take the connected correlation function.
The sum of all included matrix element contributions irrespective of the their energy and momentum provides a quantitative measure of the quality of the computed dynamical structure factors. A comparison with an analytic expression for the integrated density of the dynamical structure factor in equation (1.5) yields a saturation value for the sum rule of the corresponding computation,
For the various structure factors the integrated densities are t ±∓ = S ± S ∓ and t zz = S z S z − S z 2 . In the spin-1 representation of local spin matrices
Unfortunately, it is not possible to derive sum rules for each structure factor independently from each other in finite field. However, for zero field simplifications can be made. Due to the spin rotational symmetry, the structure factors in the transverse and longitudinal direction become equal up to a factor of two, t zz = 1 2 t −+ , such that When including all states including all string deviations, the sum of all matrix elements must be exactly equal to sum rule (5.3). We solve the Bethe states up to arbitrary high precision including all string deviations, while determinants of the matrix elements will be computed to the same high precision as well. Herefore we make use of the arbitrary precision computation library ARPREC [40] . The saturation for the matrix element contributions of several types of Bethe states have been computed for small system sizes, for zero field as well as finite field. For the latter, matrix element contributions for both the longitudinal and transverse dynamical structure factor have been computed, while matrix element contributions from lower weight states must be included as well. In both cases, we saturate the available sum rules to exactly 100% up to arbitrary precision making use of the ARPREC algorithm. In appendix A we state our sum rule saturation results up to 64 digits for 4 and 6 lattice sites. Without the correct treatment of string deviations, this exact saturation would not have been possible. The exact sum rule saturation of our computations completes a consistency check on the algorithm.
Furthermore, we provide numerical evidence for the statement that matrix elements of singular pair states vanish [33] . We saturate the sum rule to identically one, where all matrix elements of singular pair states were not taken into account, implying that their contributions must vanish identically. By the same token, we can imply that matrix elements of exceptional solutions to the Bethe equations for spin-1 vanish as well.
We continue by computing the dynamical structure factor for larger system sizes. We restrict to zero field, where only the transverse dynamical structure factor is relevant. It is not possible to include all states anymore as the Hilbert space becomes exponentially large, so we restrict to the spinon states described in table 1. For exponentially small deviations close to the divergencies in the matrix element expressions, reduced expressions must be used. Only if the three-string Left: two-strings and a single three-string. The sum rule contribution is 2.80%. Right: two-strings, a single three-string and two one-strings (real rapidities). The sum rule contribution is 6.47%.
deviations become smaller than O(10 −8 ), we put the deviation to zero and use the reduced formalism. The algorithm keeps track of the remaining two-string deviations at all times.
To be able to represent the dynamical structure factor in graphics, the delta functions need to be smoothened by Gaussians,
where the value of the width is of order 1/N . Figure 2 shows the transverse dynamical structure factor for a system size of 200 sites. At this system size, the sum rule contribution of the twospinon states containing two-strings and a single real rapidity is 89.88%. The two different types of four-spinon contributions are shown separately in figure 3 and yield a sum rule contribution of 2.80% and 6.47% respectively. The total sum rule saturation of the computation is 99.16%. Figure 4 shows fixed momentum cuts of the dynamical structure factor, where the data is being compared to ABACUS [30, 31] results for the spin-1 2 case. Due to a lower integrated density, it is obvious that the spin-1 2 dynamical structure factor is smaller than the spin-1 data at all momenta and energies. Therefore, to be able to make a comparison of the shape of the correlations, we normalise the spin-1 2 dynamical structure factor to the spin-1 sum rule. At small momenta, the normalised spin-1 2 correlations are above the spin-1 data, while with increased momenta towards q = π, the spin-1 correlations are higher near the lower boundaries of the spectrum. The correlation remains below the normalised spin-1 2 correlations at higher energies. At q = π, we show a cumulative plot of the matrix elements for states with the smallest energies in figure 4 . Again, the spin-1 dynamical structure factor is higher close to the lower boundary, while it lies below the normalised spin- normalised to the spin-1 sum rule. Inset:
forming the results,
and is plotted in figure 5 . We compare our results at equal time to the predictions on the asymptotics from the continuum limit described by conformal field theory. The integrable chains of spin-s have a critical low-energy sector [14, 15, 18, [41] [42] [43] [44] [45] described by the SU(2) level 2s WessZumino-Novikov-Witten models [46] . Under non-Abelian bosonization, the spin-spin correlations are asymptotically given by those of the fundamental WZNW primary fields, this leading to the prediction that in an infinite system, the dominant antiferromagnetic correlations decay as a power law
in which the scaling dimension ∆ = h+h can be obtained from the primary field scaling dimension for a general SU(n) level k WZW model [46] ,
Substituting the values for level k = 2 and performing a conformal mapping to finite size so that the distance function becomes j → N π sin(j π N ), the conformal field theory prediction for the asymptotics of the correlations of the Babujan-Takhtajan chain is thus 8) up to a non-universal prefactor and subleading corrections. We plot our results against this prediction in figure 5 , where the pre factor has been used as the only fitting parameter. For comparison, we also give the corresponding fits for the spin-1/2 case. As is clearly seen, the agreement is excellent over all distances but the very smallest. 
Conclusions
The dynamical structure factor of the Babujan-Takhtajan spin-1 chain has been computed numerically at zero field and zero temperature. Correct treatment of the string deviations makes it possible to obtain the roots of the Bethe equations up to high precision. Two-spinon and four-spinon Bethe states have been constructed by perturbing the sea of two-strings from the ground state with one-strings and three-string respectively. The matrix elements of these states are shown to provide over 99% of all contributions to the dynamical structure factor at N = 200. Our work for the dynamical structure factor of the spin-1 Babujan-Takhtajan chain could be extended to finite magnetic field, by summing over the matrix elements of the important contributing Bethe states. Another interesting possibility would be to compute two-spinon contributions in the thermodynamic limit directly from the isotropic limit of results from the vertex operator approach [47] [48] [49] . The anisotropic case of the spin-1 chain [50, 51] might provide avenues for further extensions. Moreover, due to the existence of matrix element expressions for chains of arbitrary spins at each lattice site, generalisation of our method to mixed, alternating or impurity spin chains would be within reach as well.
A Sum rule saturation results
The sum rule of the matrix elements of different types of Bethe states is calculated by
One exceptional solution to the Bethe equations is within the states containing one one-string and one three-string in table 6, where for the symmetric state the two real rapidities coincide. The saturation of the sum rule of the remaining states to identically 100% indicates that the matrix element of the exceptional state must vanish.
State t −+
• 1 one-string
• 1 two-string 1.3298902414257309778968260082398925737462210732701764927080799842
• 1 three-string 0.0034430919076023554365073250934407595871122600631568406252533493 Table 3 : N = 4 zero field transverse sum rule saturation of all Bethe states. t −+ = • 2 one-strings 0
• 1 two-string 0.4511844635310912540668073936841415065474726562814123394313899782 Table 5 : N = 4, M = 2 finite field sum rule saturation. The contribution of lower weight states is incorporated in the sum rule. t • 1 four-string 0.0000489630975675354619147600426821508218381318451001928009748890 Table 6 : N = 6, M = 4 finite field sum rule saturation. The contribution of lower weight states is incorporated in the sum rule. t 
B Tables of rapidities and matrix elements
This section provides tables of rapidities and their corresponding matrix elements of the dynamical structure factor in both zero field and finite field for small system sizes consisting of 4 and 6 sites respectively. For |F aā M | 2 , M denotes in which spin sub sector the ground state is taken as a reference state for the matrix elements. The momentum of the Bethe states is given by Table 7 : N = 4, M = 1, 3 states Table 9 : N = 4, M = 3, 6 states Table 16 : N = 6, M = 5, part I, 36 states Table 18 : N = 6, M = 5, part III, 36 states
